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Topologically ordered phases are characterized by long-range quantum entanglement and fractional
statistics rather than by symmetry breaking. First observed in a fractionally filled continuum Landau
level, topological order has since been proposed to arise more generally at fractional filling of topologi-
cally non-trivial “Chern” bands. Here, we report the observation of gapped states at fractional filling of
Harper-Hofstadter bands arising from the interplay of a magnetic field and a superlattice potential in a
bilayer graphene/hexagonal boron nitride heterostructure. We observe new phases at fractional filling of
bands with Chern indices C = −1,±2, and ±3. Some of these, in C = −1 and C = 2 bands, are char-
acterized by fractional Hall conductance—they are ‘fractional Chern insulators’ and constitute a new
example of topological order beyond Landau levels.
Band gaps in electronic systems can be classified by their
symmetry and topology[1]. In two dimensions with no sym-
metries beyond charge conservation, for example, band gaps
are classified by their Hall conductance, which takes quan-
tized integer values, σxy = t e
2
h , t ∈ Z[2]. Such integer quan-
tum Hall (IQH) effects were first observed in isotropic two
dimensional electron systems (2DES) subject to a large mag-
netic field[3]. These systems are very nearly translation in-
variant, in which case t is fixed by the magnetic fieldB and the
electron density n, via n = eh tB, with some disorder required
for the formation of plateaus in the Hall conductance[4]. Re-
cently, there has been interest in systems where continuous
translation invariance is strongly broken by a lattice, decou-
pling the Hall conductance from the magnetic field. A notable
example is Haldane’s staggered flux model[5], which has non-
zero quantized Hall conductance even when the net magnetic
field is zero. Bands which contribute a non-zero Hall conduc-
tance are called “Chern” bands, in reference to the underly-
ing topological index of the band structure, the Chern number
C[2], and IQH effects resulting from filled Chern bands are
known as “Chern insulators” (CI). A filled continuum Landau
level (LL) is a special case of a CI, but more recently CIs in
which t is decoupled from nB have been observed in magnet-
ically doped thin films with strong spin orbit interactions[6]
and in the Harper-Hofstadter[2] bands of graphene subjected
to a superlattice potential [7–9]. The Haldane model has been
engineered using ultracold atoms in an optical lattice[10].
Interactions expand the topological classification of gapped
states, allowing the Hall conductance t to be quantized to a
rational fraction. By Laughlin’s flux-threading argument, an
insulator with t = pq must have a fractionalized excitation
with charge eq [11]. A fractionally quantized Hall conductance
in a bulk insulator is thus a smoking-gun signature of topo-
logical order, and fractional quantum Hall (FQH) effects have
been observed in partially-filled continuum LLs in a variety
of experimental systems[12–15]. Can a “fractional Chern in-
sulator” (FCI) arise from fractionally filling a more general
Chern band? While a FQH effect in a LL may be considered
a special case of a FCI, in this work we focus on FCIs which
require a lattice for their existence.
The phenomenology of lattice FCIs differs from that of con-
tinuum LLs. Chern bands with C 6= 1 can arise, leading to
different ground states than are allowed in C = 1 LLs. In
addition, unlike LLs, Chern bands generically have a finite,
tunable bandwidth that competes with interactions, provid-
ing a new setting for the study of quantum phase transitions.
Finally, FCIs might be found in experimental systems where
Chern bands, but not LLs, are realizable. A large body of the-
oretical work has begun to investigate these issues [16–23].
Here, we report the experimental discovery of FCIs in a bi-
layer graphene (BLG) heterostructure at high magnetic field.
The requirements to realize an FCI in an experimental system
are, first, the existence of a Chern band, and, second, electron-
electron interactions strong enough to overcome both disorder
and band dispersion. We satisfy these requirements by us-
ing a high quality bilayer graphene heterostructure, in which
the bilayer is encapsulated between hexagonal boron nitride
(hBN) gate dielectrics and graphite top- and bottom gates (see
Fig. 1A-B). This geometry was recently demonstrated to sig-
nificantly decrease disorder, permitting the observation of del-
icate FQH states[24]. We generate Chern bands by close rota-
tional alignment (∼ 1◦) between the bilayer graphene and one
of the two encapsulating hBN crystals. Beating between the
mismatched crystal lattices leads to a long-wavelength (∼10
nm) moire´ pattern that the electrons in the closest layer ex-
perience as a periodic superlattice potential (Fig. 1B(see Sup-
plementary Information)). At high magnetic fields, the single
particle spectrum of an electron in a periodic potential forms
the Chern bands of the Hofstadter butterfly[7–9]. These bands
are formally equivalent to the Chern bands proposed to occur
in zero-magnetic field lattice models[16].
We measure the penetration field capacitance[25] (CP ),
which distinguishes between gapped, incompressible and un-
gapped, compressible states (see Supplementary Informa-
tion). Figs. 1C-D show CP measured as a function of B
and the electron density, n ∼ n0 ≡ c(vt + vb), where vt
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FIG. 1. Magnetocapacitance in a high-quality bilayer graphene moire´ superlattice device. (A) Optical micrograph of the device. Scale
bar is 10 µm. (B) Schematic of the device, with top and bottom graphite gates at potential vt, vb. A moire´ potential is induced by alignment of
the graphene bilayer with one of the encapsulating hBN crystals. (C) Penetration field capacitance (CP ) as a function of density ne ∼ n0 ≡
c(vt + vb) and magnetic field B for n0 < 0. T=300mK, and CRef is a reference capacitance. A large electric field p0/c = (vt − vb)=16V is
applied to force the valence electrons onto the top layer, which is in contact with the aligned hBN. (D) CP for n0 > 0 with vt − vb=-16 V at
T=300 mK. (E-F) Linear gap trajectories observed in (C-D) parameterized by ne = t · nφ + s. nφ and ne are the magnetic flux quanta and
number of electrons per moire´ unit cell, respectively. nφ ≡
√
3λ2B
2Φ0
= 1/2 when B=24.3 T and ne = 1 when n0/c = 3.1V . Five trajectory
classes are distinguished by color: Integer quantum Hall (gray, s = 0, t ∈ Z), fractional quantum Hall (green, s = 0, t fractional), Hofstadter
Chern insulators (black, s, t ∈ Z, s 6= 0), symmetry-broken Chern insulators (magenta, fractional s, t ∈ Z) and fractional Chern insulators
(cyan, fractional s, t). (G) Schematic of a (∆t,∆s) Chern band (see main text).
and vb are the applied top and bottom gate voltages and c de-
notes the geometric capacitance to either of the two symmetric
gates. We use a perpendicular electric field, parameterized by
p0/c = vt − vb, to localize the charge carriers onto the layer
with a superlattice potential, e.g. adjacent to the aligned hBN
flake. High CP features, corresponding to gapped electronic
states, are evident throughout the experimentally accessed pa-
rameter space (Fig. 1C-D), following linear trajectories in the
n−B plane. We estimate the area of the superlattice unit cell
from zero-field capacitance data(see Supplementary Informa-
tion), and define the electron density ne = Ne/NS and flux
density nΦ = NΦ/NS per unit cell. Here Ne, Ns, and NΦ
are the number of electrons, superlattice cells, and magnetic
flux quanta in the sample, respectively. The trajectories are
parameterized by their inverse slope t and n-intercept s in the
n-B plane,
Ne = tNΦ + sNS, ne = tnΦ + s. (1)
The Strˇeda[26] formula, t = ∂ne∂nΦ
∣∣
NS
= he2σxy , shows that
the Hall conductance of a gapped phase is exactly t. The in-
variant s = ∂Ne∂NS
∣∣∣∣
NΦ0
encodes the amount of charge “glued”
to the unit cell, i.e., the charge which is transported if the lat-
tice is dragged adiabatically[27]. Non-zero s indicates that
strong lattice effects have decoupled the Hall conductance
from the electron density. Within band theory, the invariants
of a gap arise from summing those of the occupied bands,
(t, s) =
∑
j∈occ(∆tj ,∆sj), and in particular the Hall con-
ductance t is the sum of the occupied band Chern indices,
∆tj = Cj .
We observe five classes of gap trajectories based on the
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FIG. 2. Interaction driven states at partial Chern-band filling. (A-C) Details of Fig. 1C, D showing (A) FCI states in a ∆t=-1 band,
(B) SBCI states in a ∆t=3 band, and (C) FCI and SBCI states in ∆t=2 bands. (D) Schematic of (A). FCI states (dotted lines) with (t, s) =
(−13/3, 1/3) and (−14/3, 2/3) occur at fractional filling of a ∆t = −1 band (light blue). (E) Schematic of (B). SBCI states (dashed lines) at
(t, s) = (0, 2/3) and (1, 1/3) occur at 1/3 and 2/3 fractional filling of a ∆t=3 band (orange). (F) Schematic of (C). Both FCI and SBCI states
(dotted and dashed lines) occur in the ∆t=2 bands (G) Calculated Hofstadter energy spectrum in the regime of (A), matching the observation
that the LL splits into C = −1, 2 bands. (H) Calculated Hofstadter spectrum in the regime of (B), matching the observed splitting of a C =3
band into C = 5,−2 bands. (I) Calculated Hofstadter spectrum in the regime of (C). The IQH gap at ν = 2 separates the two single-particle
bands and is much larger than VM .
properties of t and s, each of which correspond to a dis-
tinct class of insulating state (Fig. 1E-F). Free-fermion states
must have integer t and s: trajectories with s = 0 corre-
spond to IQH effects between LLs, while trajectories with
s 6= 0 indicate the formation of the non-LL Chern bands of
the Hofstadter butterfly[7–9]. Fractional t or s are beyond
the single particle picture and thus indicate interaction-driven
phases. The conventional FQH states follow trajectories with
fractional t and s = 0. Gaps with integer t and fractional
s (previously observed in monolayer graphene [28]) must be
either topologically ordered or have interaction-driven spon-
taneous symmetry breaking of the superlattice symmetry. The
theoretical analysis below suggests the latter case is most
likely, so we refer to this class as symmetry-broken Chern
insulators (SBCIs). Finally, there are gaps with fractional t
and fractional s, which are the previously unreported class of
topologically-ordered FCI phases.
To better understand states with fractional t or s, we first
identify the single-particle Chern bands in our experimental
data by identifying all integer-t, integer-s gaps. We focus on
adjacent pairs of integer gaps, (tL, sL) and (tR, sR), which
bound a finite range of ne in which no other single-particle
gaps appear (Fig. 1G). Adding charge to the left gap corre-
sponds to filling a Chern band with invariants (∆t,∆s) =
(tR − tL, sR − sL). From this criterion we find a variety of
Chern bands with ∆t = ±1,±2,±3 and ±5 in the experi-
mental data(see Supplementary Information), each of which
appear as a “triangle” between adjacent single particle gaps.
These Chern bands are observed to obey certain rules ex-
pected from the Hofstadter problem: for example, ∆t and
∆s are always coprime, and Chern-∆t bands always emanate
from a flux n∗φ = p/∆t.
4Interaction-driven phases occur at fractional filling νC of
a Chern band, following trajectories (tνC , sνC) = (tL, sL) +
νC(∆t,∆s). The Chern numbers of the bands in which some
of the observed interaction-driven phases appear (Figs. 2A-C)
are denoted schematically in Figs. 2D-F.
By combining a phenomenological description of the moire´
potential with knowledge of orbital symmetry breaking in bi-
layer graphene[29], we are able to construct a single particle
model which closely matches the majority of the experimen-
tally observed single-particle Chern bands(see Supplementary
Information). The calculated energy spectra of the bands rele-
vant to Figs. 2A-C are shown in Fig. 2 G-I. As is clear from the
band structure, stable phases at fractional νC are not expected
within the single particle picture: instead, the encompassing
Chern band splits indefinitely into finer Chern bands at lower
levels of the fractal butterfly that depend sensitively on nφ.
The three columns of Fig. 2 represent instances of three
general classes of fractional νc states observed in our exper-
iment. Fig. 2A shows two gapped states within a ∆t = −1
band at νC = 13 and
2
3 . These gaps extend from nφ ≈ 0.55
to at least nφ = 0.8(see Supplementary Information). Both
are characterized by fractional t and s, and we identify them
as FCI states. As with FQH states, the fractionally quantized
Hall conductance implies that the system has a charge e/3
excitation[11]. The fractional s values of these states, being
multiples of this fractional charge, do not require broken su-
perlattice symmetry. An analogy between Laughlin states in
a conventional LL, shown in Fig. 3A, and FCI in a ∆t = −1
band is suggested by the observation of apparent FCI hierar-
chy states at νC = 2/5, 3/5 (Fig. 3B).
Fig. 2B shows gapped states in a ∆t = +3 band at νC =
1/3, 2/3, while Fig. 2C shows gapped states in two ∆t = +2
bands at νC = 1/2. Filling a Chern-∆t band to a multi-
ple of νC = 1|∆t| corresponds to integer t but fractional s.
While we cannot exclude exotic fractionalized states at these
fillings these states are unlikely to admit a simple interpre-
tation as FCIs. Absent fractional excitations, a gapped state
with fractional s = xy implies broken superlattice symme-
try: the unit cell of such a phase must contain an integral
number of electrons, and the smallest such cell contains y
superlattice sites. Theoretically, such symmetry breaking is
expected to arise spontaneously due to electronic interactions,
in a lattice analog of quantum Hall ferromagnetism[30]. A ∆t
Chern band is similar to a ∆t-component LL, but in contrast
to an internal spin, translation acts by cyclically permuting
the components[30–32]. Spontaneous polarization into one of
these components thus leads to a t-fold increase of the unit
cell[30]. The observation of SBCIs is thus analogous to the
observation of strong odd-integer IQHEs which break spin-
rotational invariance. Some of the “fractional fractal” features
recently described in monolayer graphene appear to be con-
sistent with this explanation[28].
Finally, we also observe fractional-t states within a ∆t =
+2 band (Fig. 3C), for example at νC = 2/3 (s = 4/3
and t = 1/3) and νC = 5/6 (s = 5/3 and t = 1/6).
FCIs in Chern-∆t 6= 1 bands can either preserve or break
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FIG. 3. Line cuts of CP comparing FCI and FQH states. (A)
Line cut averaged over p0/c ∼ 1.0 − 4.0V at B = 12 T, showing
FQH states in a conventional LL. At low fields, the effective moire´
potential is weak, and FQH states are observed at νC = 1/3, 2/3 as
well as 2/5, 3/5 of the ∆t = +1 LL. (B) Line cut averaged over
p0/c ∼ 4.0 − 14.0V at B = 30 T, showing FCI in the same ∆t =
−1 band as in Fig. 2A. Weaker features appear at 2/5 and 3/5 filling
of the band, similar to the Laughlin sequence in (A). (C) Line cut
averaged over p0/c ∼ −14.0 to −9.0V at B = 30 T, showing FCI
in the same ∆t = 2 band as shown in Fig. 2C. The relative strength
of the (4/3,1/3) state compared to the (5/3,1/6) state is consistent with
the former preserving the lattice symmetry.
the underlying lattice symmetry. Symmetry preserving FCIs
are expected[20, 33, 34] at fillings νC = m2lm∆t+1 for in-
tegers l,m, consistent with the stronger νC = 2/3 states
(l = 1,m = −1). At νC = 5/6, in contrast, the weak state
observed is not consistent with this sequence. For this state,
t = 5/3 implies a likely fundamental charge of e/3, while
s = 1/6. By analogy to SBCIs, this implies that one half of
the fundamental charge is pinned to each moire´ unit cell, sug-
gesting the unit-cell is doubled in this “SB-FCI” state. This
scenario is again closely analogous to the physics of a spin de-
generate LL; at 1/6 filling of a spin degenerate LL the system
spontaneously polarizes into a t = 13 Laughlin state, while at
1/3 filling the system can form a spin-singlet, t = 23 state.
To assess the plausibility of FCI and SBCI ground states,
we use the infinite density matrix renormalization group
(iDMRG) to numerically compute the many body ground state
within a minimal model of the BLG[35]. We first consider
Coulomb interactions and a triangular moire´ potential of am-
plitude VM projected into a BLG N = 0 LL[36], matching
the parameter regime in Fig. 2A (see Supplementary Infor-
mation). We focus on nφ = 23 at a density corresponding to
νC =
1
3 filling of the ∆t = −1 band.
If interactions are too weak compared to the periodic po-
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FIG. 4. iDMRG calculations showing the stability of FCI and
SBCI states (A) Calculated iDMRG phase diagram at νC = 1/3 fill-
ing of the ∆t = -1 band shown in Fig. 2A,D,G (nφ = 2/3). |VM |
is the moire´ potential amplitude, EC is the Coulomb energy, and
ρ(G) is the charge density at Bragg vector G. The FCI competes
with two other phases: a charge density wave (CDW) at low |VM |,
and a compressible phase at high |VM |. The competing phases are
diagnosed by symmetry breaking density waves at wavevector G =
G0/3 (red) and G = G0/2 (blue), where G0 is a reciprocal vector
of the moire´(see Supplementary Information). (B) Calculated real-
space electron density n(r) of the FCI found in (A). n(r) preserves
the symmetry of the moire´ potential, whose periodicity is indicated
by the gray circles. Here VM/EC = 0.7. (C) Calculated real-space
electron density n(r) at νC = 23 filling of the ∆t = 3 band shown
in Fig. 2B,E,H (nφ = 3/8). The result is consistent with an SBCI
phase; (t, s) = (−1, 2/3), while n(r) spontaneously triples the unit
cell of the underlying moire´ potential, indicated by gray circles. Here
VM/EC = 0.6 and ΘM = pi/8.
tential (as parameterized by VM/EC , where EC = e2/(`B)
is the Coulomb energy, `B =
√
~
eB is the magnetic length,
and  the dielectric constant) the ground state at nφ = 23 is
gapless, corresponding to a partially filled Chern band. If
the interactions are too strong, the system forms a Wigner
crystal which is pinned by the moire´ potential. In the in-
termediate regime, however, the numerical ground state of
this model has a fractional t and s which match the experi-
ment, and hence is an FCI, with entanglement signatures that
indicate a Laughlin-type topological order. The FCI is sta-
ble across an range of VM/EC (Fig. 4A) corresponding to
|VM | ≈ 14− 38 meV, consistent with recent[37] experiments
that suggest |VM | ∼ 25 meV. Fig. 4B shows that the real-
space density of the FCI is strongly modulated by the poten-
tial, but preserves all the symmetries of the superlattice.
We next conduct iDMRG calculations to assess the plausi-
bility of the SBCI hypothesis. We focus on the well developed
Chern-3 band of Fig. 2B,E,H. As a minimal model, we project
the moire´ and Coulomb interactions into the N = 1 LL of the
BLG, fixing VM = 21 meV and EC(B = 17T ) = 35meV,
and take nφ = 38 .
At νC = 13 filling, the electron density indeed exhibits a
modulation which spontanesouly triples the superlattice unit
cell (Fig. 4C). A similar tripling is observed at νC = 23 . These
are not merely density waves, however, as they have finite
(t, s) invariants, in agreement with experiment.
We note that the SBCI states are distinct from a second class
of integer-t, fractional-s features, the moire´-pinned Wigner
crystals[28, 38]. In the latter case, starting from a LL-gap at
t, s = tL, 0, additional electrons form a Wigner crystal pinned
by the moire´; the added electrons are electrically inert, leading
to a state at t, s = tL, xy which can’t be ascribed to fixed νC
of an encompassing band. These states are thus analogous
to reentrant IQH effects, with the moire´ playing the role of
disorder. In contrast, while the electrons added to the SBCI
spontaneously increase the unit cell, they also contribute an
integer Hall conductance, which together correspond to some
νC.
In summary, we find that instead of a self-repeating fractal
structure, interactions mix Hofstadter-band wavefunctions to
form stable, interaction-driven states at fractional filling of a
Chern band. Among these are both symmetry-broken Chern
insulators and topologically-ordered fractional Chern insula-
tors, the latter of which constitute a lattice analog of the FQH
effect. FCIs provide new avenues to experimental control
through lattice engineering, particularly in higher Chern num-
ber bands where candidate two component states, such as that
observed at νC = 2/3 of the ∆t = 2 band of Fig. 3C, may
host nonabelian defects at engineered lattice dislocations[31].
A pressing experimental question is thus whether FCI states
can be realized in microscopically engineered superlattices.
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EXPERIMENTAL METHODS
The device fabrication and measurement techniques pre-
sented in this manuscript are identical to those presented in
Ref. [24], and the device we study here is Sample A in that
manuscript. A more comprehensive discussion of fabrication
and experimental methods is found in the supplementary ma-
terial of that paper[24].
We assembled the heterostructure using a dry transfer
method which utilizes the van der Waals force to fabricate lay-
ered structures consisting of hBN, graphite, and graphene. We
contacted the bilayer graphene directly with a thin graphite
contact, which in turn was edge contacted with Cr/Pd/Au
metallic leads[39]. The top and bottom gates are also thin
graphite, which results in devices with significantly less disor-
der than similar heterostructures with metal gates made using
standard deposition techniques[24].
We performed magnetocapacitance measurements to iden-
tify bulk gapped states as described in Ref. 24 and references
therein. In this work we measure the penetration field capaci-
tance CP and the symmetric capacitance CS , both of which
primarily access whether the bulk of the device is gapped
or not. CP is the capacitance between the top and bottom
gate, and it is suppressed when the bilayer can screen electric
fields (i.e. when the bilayer is compressible and conducting).
Gapped states, therefore, appear as peaks of enhanced CP .
CS is the sum of the capacitances of the bilayer to the top and
bottom gates, is suppressed when the bilayer is more insulat-
ing/incompressible, and therefore gaps appear as dips in CS .
We have chosen the color scale for both CS and CP such that
gaps appear as warmer colors, despite the sign difference of
the gapped features.
Due to a small asymmetry between the top and bottom
hBN thicknesses, we observed a corresponding asymmetry
between top and bottom gate capacitances δ ≡ (ct−cb)/(ct+
cb) = 0.018 which was taken into account when applying
n0/c and p0/c to the device. The full expressions includ-
ing this asymmetry are n0/c = (1 − δ)vt + (1 + δ)vb and
p0/c = (1− δ)vt − (1 + δ)vb.
The data presented here was taken at relatively high fre-
quencies (between 60 and 100 kHz), where an out of phase
dissipative signal is present in many of the gapped states we
observe. This arises because the measurement time is not
sufficient to fully charge the sample. In this regime, mea-
sured capacitance is a convolution of both conductivity and
compressibility[40]; however because both low conductivity
and low compressibility are hallmarks of gapped states, this
does not affect the interpretation of high CP or low CS as
indicative of a gapped state.
We performed the magnetocapacitance measurements at
the National High Magnetic Field Lab in He-3 refrigerators at
their base temperature of T∼ 300 mK. In both measurements,
we ramped the field continuously while performing the mea-
surements and were unable to concurrently record the mag-
netic field. There are systematic errors in the reported field up
to ∼ 0.5 T between different data sets due to errors in timing
between data acquisition and the field sweep.
We identify t, s of linear gap trajectories in the main text by
visually comparing slopes to known features such as IQH gaps
and identifying fields at which multiple features intersect. To
more robustly confirm the finding of fractional t, s states, we
used a peak finding algorithm to identify peaks in each hor-
izontal line scan of CP (see Fig. S5), manually grouped the
peaks belonging to a single trajectory and then fit their slope
and intercept in the n0-B plane. Quantum capacitance pre-
vents a direct conversion from the fitted slope and intercept
to quantitative t, s for the full range of measured voltages and
fields. Therefore we used the fitted slopes and intercepts of
nearby nearby CI and FQH features to obtain to fix the local
conversion to t, s. These local conversions also give a quan-
titative check on the conversions from B to nφ and n0/c to
ne used in the main text. For Fig. S5A, we find that BΦ0 =
48.6 T and n0/c = 3.08 V at ne = 1 and for Fig. S5B we find
BΦ0 = 48.3 T and n0/c = 3.10 V at ne = 1. Both of these
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FIG. S5. Fits to t, s for FCI and SBCI states. (A) Peaks corresponding to the FCI states presented in Fig. 2A,D (black circles) were fit to
obtain their slope and intercept in the n0/c − B plane (black lines). The fitted slopes of nearby CI and FQH features (gray lines) were used
to convert from the fitted parameters to a fitted t, s, which match the expected values of (-13/3,1/3) and (-14/3,2/3) to within 5%. Numbers in
brackets are the 95% confidence intervals obtained by linear regression. An SBCI in a δt = 2 band also matches its predicted value of (t, s)
=(-4, 0.5). (B) Similar analysis performed for SBCI states in Fig. 2B,E. t, s values for these SBCI match within 10 % of their expected values
of (0,2/3) and (1, 1/3).
conversions are consistent with the values used in Figs. 1E,F.
ESTIMATING THE MOIRE´ PERIODICITY
The encapsulated nature of our device does not allow di-
rect scanned probes of the moire´ pattern, so we must rely on
electronic signatures of the superlattice. First, we estimate
the periodicity from zero field features in the density of states
and the geometry of our device. We observe satellite peaks in
CP at approximately |nsat0 /c| = 11.8 V , which do not vary
strongly with p0 (Fig. S6). These peaks are a direct conse-
quence of the moire´ periodicity and occur at ne = ±4 in bi-
layer graphene, e.g. when there is one of electron of each
spin-valley flavor per moire´ unit cell [7–9]. For a triangular
lattice
egsgv
2√
3λ2
=
nsat0 /c
d
(S2)
where gs = 2 and gv = 2 are the spin and valley degeneracies,
λ is the moire´ wavelength,  = (3 ± 0.15)0 is the dielectric
constant for hBN [29], d = 45nm is the average thicknesses
of the two hBN flakes, and nsat0 /c is the value of vt + vb
at which satellite peaks appear. We estimate, therefore, that
λ = 10.3 ± 0.3 nm and predict nφ = 1 should occur at B =
Φ0/(
√
3λ2/2) = 42.5− 47.8 T.
A more accurate method for determining the moire poten-
tial is by noting the crossing of many trajectories around B =
24.3±.2 T, and associating this field with as nΦ = 1/2. This
-10
0.39
0.41
0 10
C P
 / 
C R
EF
n0 /c (V)
-10
0
10
0.38 0.41
-10 0 10
n0 /c (V)
p 0
 /c
 (V
)
CP / CREF
p0/c = -0.2 V
A
B
FIG. S6. Zero magnetic field CP showing satellite Dirac points.
(A) CP taken as a function of the nominal electron density (n0/c)
and polarizing electric field (p0/c). This measurement was taken at
the nominal base temperature of our dilution refrigerator (T < 50
mK) at zero applied magnetic field. We find additional peaks in CP
at n0/c ≈ 11.8 V. The top right and bottom left corners are masked
off (data was not taken in those regions) to protect the gates from
leakage. (B) Horizontal line cut of (A) taken at fixed p0/c = −0.2V .
9implies a moire´ periodicity of λ = 9.92 ± .03nm, consis-
tent with the zero-field assessment but considerably more pre-
cise. Unlike the zero field assessment, the latter estimate is
less susceptible to quantum capacitance corrections to the re-
alized density. Note that for analysis of the observed trajecto-
ries in CP described in the main text, t (the inverse slope) is
unaffected by the choice of λ, as both ne and nΦ go as λ−2.
A MINIMAL MODEL FOR BLG WITH A SINGLE-LAYER
MOIRE´ POTENTIAL
The interplay between the moire´ potential and the complex
high-field physics of bilayer graphene is non-trivial. There
are a large number of degrees of freedom (spin, valley, and
LL-level index) and competing energy scales (the cyclotron
energy ~ωc, the Coulomb scale EC = e2/`B , the potential
bias across the bilayer u, the Zeeman energy EZ , the am-
plitude of the moire potential VM , and various small inter-
action anisotropies). In particular, interactions are essential,
and even integer gaps cannot be understood based on a single
particle model[29]. While a complete understanding at the mi-
croscopic level is not required to demonstrate fractional filling
of Chern bands, which follows purely from the observation of
quantized fractional s and t, in this section we motivate an
approximate model for the system which is the starting point
for our DMRG simulations. A number of features of our data
can be accounted for in this model, including the dominant
single-particle CI features.
The ZLL in the absence of a moire´ potential
The LLs of graphene are labeled by the electron spin (σ =
± 12 ), the graphene valley index (ξ = +/−), and the inte-
ger LL index (N ∈ Z). The spin and valley combine to
form an approximately SU(4)-symmetric “isospin,” and so
the order in which the levels fill depends on various compet-
ing anisotropies. Of particular interest are the eight compo-
nents of the zeroth Landau level (ZLL), which includes both
N = 0, 1 and fills for −4 < ν < 4, the regime of our ex-
periment. A detailed experimental and theoretical account of
the ZLL in the absence of a moire´ was provided in Ref. 29,
to which we refer the interested reader. Here, we summarize
those results at a qualitative level in order to argue the follow-
ing:
(1) it is a reasonable starting point to project the problem
into the eight degrees of freedom of the ZLL
(2) because of the large interlayer potential difference u
applied in the current experiment, it is further justi-
fied to restrict to the four ZLL levels in valley +, i.e.,
|ξNσ〉 ∈ {|+0 ↑〉 , |+0 ↓〉 , |+1 ↑〉 , |+1 ↓〉}
(3) these levels fill in a different order depending on
whether u < 0 or u > 0, leading to different Chern
bands and fractional states in these two regimes.
ZLL projection. To a good approximation, the cyclotron
energies of BLG scale as E(ωc)N ≈ ~ωc
√
N(N − 1). The
N = 0, 1 levels are near degenerate, so together with spin and
valley combine to give the eight components of the “zeroth
Landau level” (ZLL). In our experiment, the cyclotron split-
ting is ~ωc ∼ 45−120meV across the rangeB ∼ 17−44T, the
Coulomb interactions are at scale EC ∼ 35− 57meV. Earlier
electron focusing experiments[37] on encapsulated monolayer
graphene estimated the moire´ potential magnitude as |VM | ∼
10 − 20meV. Given the hierarchy of scales EC , VM < ~ωc,
it is reasonable to project the problem into the eight compo-
nents of the ZLL. Note that even with the large bias u (con-
trolled by the experimental parameter p0[29]) applied in our
experiment, we do not observed crossings between the ZLL
and higher LLs.
Focusing on the ZLL, which fills from −4 < ν < 4, the
single particle energies take the form [29]
E
(1)
ZLL = N∆10 − σE(Z) − ξ u2αN (S3)
≈ B
[
meV
T
] [
N(0.3 + ξ
u
2
0.013)− σ 0.116− ξ u
2
]
(S4)
Here 1 = αN=0 > αN=1 > 0 and ∆10 > 0 are B-dependent
factors which can be computed numerically from the band
structure of bilayer graphene, u is the potential difference be-
tween the two layers due to a perpendicular electric field (in
meV), and E(Z) is the Zeeman splitting.
Restriction to valley +. The effect of the bias u depends
directly on the valley ξ = ±; this is because the ZLL wave-
functions have the property that valley + is largely localized
on the top layer, while valley− is largely localized on the bot-
tom layer. Within the ZLL, then, valley ≈ layer and the bias
u splits the valley degeneracy. In our experiment, the top and
bottom gates are approximately 100nm apart and at a voltage
difference of±16V . The layer separation of BLG is 0.335nm,
so we expect a large bias u2 ∼ ±16 0.335100 eV = ±27meV across
the bilayer, though the precise value of u is modified some-
what due to the relative dielectric constant of the BLG and
hBN. Regardless, |u| is large enough to ensure that for u > 0,
valley ξ = + fills before valley ξ = −, while for u < 0 the
reverse occurs[29]. Since the moire´ potential couples dom-
inantly to the top layer (a consequence of the near perfect
crystallographic alignment of the BLG with the top hBN, but
misalignment with the bottom hBN), we expect the Hofstadter
features to appear most strongly when valley + is filling. This
is confirmed by the Landau fan at u > 0, shown in Fig. S7.
For n0 < 0, the top layer (+) is filling and we see very strong
Hofstadter features, while for n0 > 0, the bottom layer (−)
is filling and the Hofstadter features are absent or weak. For
u < 0 (not shown), the opposite is observed. For this rea-
son, in the main text we present data for n0 < 0, u > 0, and
n0 > 0, u < 0, in order to focus on the electrons affected by
the moire´. We thus restrict our attention to the four compo-
nents +Nσ of the ZLL.
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FIG. S7. Full Landau fan at p0/c = +16 V. The effect of the moire´ between the top hBN and bilayer graphene is largely suppressed for states
localized on the bottom layer (e.g. when n0 > 0, p0/c = 16 V). In this regime, Landau levels in the ZLL exhibit the conventional fractional
quantum Hall effect up to 31 T and do not show any Hofstadter (non-zero s) features. Hofstadter features are, however, observed in higher
Landau levels in this regime. Additionally, we observe a feature B ∼ 16 T and ν = −2 (white arrow) which we attribute to a spin transition
between a spin-unpolarized ν = −2 at low fields to a spin-polarized ν = −2 at high fields, as described in the supplementary text. Above this
field, the ZLL fills two N=0 orbital states first (rather than an N=0 followed by an N=1). This feature, not previously reported, can be attributed
to the very large electric fields used in this experiment as compared with previous work[29].
u-dependence of the filling order. For valley +, the split-
ting between the N = 0, 1 orbitals is
10 ∼ B
[
meV
T
]
(u2 0.013 + 0.3) (S5)
Comparing with the small Zeeman energy, at the non-
interacting level (for moderate u) we expect the levels |σ,N〉
to fill in the order |↑, 0〉 , |↓, 0〉 , |↑, 1〉 , |↓, 1〉. However,
Coulomb interactions rearrange this order, because filling two
orbitals of the same spin, e.g. |↑, 0〉 , |↑, 1〉, has much more
favorable Coulomb energy than filling two orbitals of oppo-
site spin, e.g., |↑, 0〉 , |↓, 0〉. Having filled |↑, 0〉, this effec-
tively reduces the energy of the |↑, 1〉 level by an amount
ξ10 ∝ EC ∝
√
B (at the level of Hartree-Fock, this is the
difference in “exchange energy”). If 10 − ξ10 < 0, the or-
bitals will instead fill in order |↑, 0〉 , |↑, 1〉 , |↓, 0〉 , |↓, 1〉, an
effect which was confirmed experimentally in Ref. 29. How-
ever, because 10 ∝ B while ξ10 ∝
√
B, there is a critical
B where 10 wins out and the ordering should revert to that
expected from the non-interacting picture. For u  0 (e.g.,
region n0 < 0), 10 is large and this transition should oc-
cur at moderate B; for u  0 (e.g., region n0 > 0) 10
is small and the transition does not occur until much larger
B. While quantitatively predicting the location of the tran-
sition requires accounting for some additional interaction ef-
fects (e.g. the Lamb shift and inter-layer capacitance[29]),
such a transition is clearly seen in our experiment. Fig. S7
shows that for u > 0, there is a transition at ν = −4 + 2
around B ∼ 17T ( indicated by the white arrow). This is
the transition between filling |↑, 0〉 , |↑, 1〉 (low B) and filling
|↑, 0〉 , |↓, 0〉 (highB). No analogous transition is observed for
u < 0 at ν = 2, at least up to B = 44T.
The analysis, then, can be summarized as follows. For
the n0 < 0, u > 0 side of the experiment, at high B
there is a large splitting 10 between |+σ0〉 and |+σ1〉, and
the levels fill in order |+ ↑, 0〉 , |+ ↓, 0〉 , |+ ↑, 1〉 , |+ ↓, 1〉
for −4 < ν < 0. In contrast, for the n0 > 0, u <
0 side of the experiment, the splitting 10 between |+σ0〉
and |+σ1〉 is much smaller, and the levels fill in order
|+ ↑, 0〉 , |+ ↑, 1〉 , |+ ↓, 0〉 , |+ ↓, 1〉 for 0 < ν < 4, at least
in the absence of a moire´ potential. The moire´ will “mix” the
N = 0, 1 LLs in this regime, as we will see.
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FIG. S8. Calculated moire´ potentials. Real-space moire´ potentials for (A) VM = 1, or |VM | = 1, ΘM = 0, (B) VM = -1 or |VM | = 1,
ΘM = pi/3 (C) VM = i or |VM | = 1, ΘM = pi/6. The postive (negative) VM potential is repulsive (attractive) on the triangular lattice, and
attractive (repulsive) on the honeycomb lattice.
Effect of the moire´ potential on the ZLL
Following the existing literature, and the absence of Hof-
stadter features in states localized on the bottom layer, we
assume that the moire´ pattern affects only the top layer of
the BLG, leading to a six-parameter phenomenological model
whose effective two-band Hamiltonian for BLG is given in
Ref. [36]. Because the amplitude VM of the moire´ is small
compared to ~ωc, we project the moire´ Hamiltonian into the
ZLL. This assumption is supported by the experimental ob-
servation that the cyclotron gaps at ν = · · · − 8,−4, 4, 8 · · ·
remain robust up to nφ ∼ 1, which implies the moire´ poten-
tial is weak compared to the cyclotron energy. The effective
moire´ Hamiltonian [36] simplifies drastically when projected
into the ZLL, consisting of only a scalar potential. The sim-
plest form of the moire´ which is C3 symmetric is of the form
VM (~r) = VM
∑
m=0,1,2
eiGm·~r + h.c., VM = |VM |eiθM .
(S6)
Here Gm = Rˆ 2pim
3
G0 are the minimal reciprocal vectors of
the moire´ pattern.
Taking θM → θM + 2pi3 leaves the model invariant up to a
translation, while under inversion θM → −θM . We note three
special cases: (a) θM = 0 (VM > 0): an inversion-symmetric
triangular lattice in which sites are repulsive (b) θM = 2pi6
(equivalent to VM < 0): an inversion-symmetric triangular
lattice in which sites are attractive (c) θM = ±pi6 (VM = ±i):
an inversion anti-symmetric lattice. Cases (a-c) are shown in
Fig. S8. Microscopically, there is no inversion symmetry, and
no consensus exists on the more realistic choice of θM .
Hamiltonian of minimal model
Projecting into the +-valley of the ZLL, a minimal model
for the system is then
H =
1
2
∫
d2q ρZLL+(−~q)VC(q)ρZLL+(~q)+∫
d2rVM (~r)ρZLL+(~r) + 10NˆN=1 + E
(Z)σz
(S7)
where ρZLL+(~q) is the projected 2D density operator, which
requires the use of BLG “form factors” as reviewed in
Ref. [29]. The model includes (1) a spin-SU(2) symmetric
Coulomb interaction; (2) a moire´ potential parameterized by
complex amplitude VM (Eq. (S6)); (3) a splitting 10 between
the N = 1 and N = 0 orbitals, which depends on B and u
(4) a Zeeman splitting. We ignore the small SU(4)-breaking
valley interaction anisotropies; they are unlikely to play a role
here due to the large valley splitting u.
Single particle analysis
We begin with a single-particle analysis to compare the
non-interacting (integer t, s) features we observe to the ex-
pected Hofstadter spectrum. Given EC > VM , interactions
may change the observed Hofstadter spectrum significantly,
and we do not necessarily expect quantitative agreement with
experiment.
While the limit in which the lattice potential is the largest
scale has received the most attention of late, leading to a tight-
binding problem with complex hopping amplitudes, [41–44]
in our experiment the lattice is weak compared with the
cyclotron gap. In this limit is is appropriate to consider
the Hamiltonian of Eq. (S7), where the lattice potential is
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projected into the continuum Landau levels, as analyzed in
Refs. 45 and 46. Hints of this physics were observed in
semiconducting quantum wells with patterned superlattice.
[47, 48]
At the single-particle level, the two spins decouple and the
phase diagram depends only on the complex ratio VM/10.
Two illustrative Hofstadter spectra are shown in Fig. S9. At
low nφ, the energy spectrum collapses into two flat bands
separated by 10; these are the N = 0, 1 continuum LLs.
This is consistent with experiment, where Hofstadter features
only begin appearing around nφ > 1/3. This can be quali-
tatively understood because potentials which vary faster than
`B are invisible to the low LLs. Quantitatively, when poten-
tial VM (~G) is projected into LL N = 0, 1, it is scaled by the
factor F00(G) = e−(G`B)2/4 and F11(G) = e−(G`B)2/4(1 −
(G`B)
2/2) respectively. As (G`B)2/4 = pi√3nφ , the poten-
tial vanishes at low nφ. The N = 1 level also develops
bandwidth faster than the N = 0 level, because of the fac-
tor (1− (G`B)2/2) < −1 in the effective N = 1 potential.
Interestingly, when |VM |/10 ' 1, bands with differ-
ent Chern number can be realized for different values of
10, which can be tuned with u (e.g. p0) in our measure-
ments. This is evident in the differences in single-particle gaps
which appear in our measurements at positive and negative p0
(Figs. 1C-F). In the future, this could be used to engineer the
butterfly spectrum in-situ. To compare this model with exper-
iment, we analyze the u > 0 and u < 0 cases separately, as
they have very different |VM |/10 ratios. We are able to re-
cover many of the single-particle features we observe by fine
tuning |VM |/10 and ΘM of the model moire´ pattern.
Case I: n0 < 0, u > 0.
In this regime, several observations are consistent with our
assertion that u leads to a large splitting 10 between the
N = 0, 1 orbitals. For large 10, we expect the filling or-
der is |+ ↑, 0〉 , |+ ↓, 0〉 , |+ ↑, 1〉 , |+ ↓, 1〉. This order is sup-
ported by the presence of a feature at ν = −3, indicated
by an arrow in Fig.S7, which presumably marks a phase
transition from the previously reported [29] lower-u filling
order(N = |0 ↑〉 , |1 ↑〉 , |0 ↓〉 , |1 ↓〉).
The |VM |/10 < 1 limit is also consistent with several
other experimental observations: (1) the LL gaps at ν =
−4,−3,−2,−1 persist across nφ = 1/2, indicating VM is
too weak to overcome 10 at this magnetic field; (2) filling
−4 < ν < −3 looks similar to −3 < ν < −2 (both are
dominated by C = −1, 2 Chern-bands, with FCIs in the first
C = −1 band), while −2 < ν < −1 looks more simi-
lar to −1 < ν < 0. This again supports the filling order
σN =↑ 0, ↓ 0, ↑ 1, ↓ 1. (c) The Hofstadter features begin
appearing at nφ ∼ 1/2 for filling −4 < ν < −2, while they
appear earlier, around nφ ∼ 13 , for −2 < ν < 0. This is con-
sistent with the expected broader moire´ induced bandwidth of
the N = 1 levels, which fill after the N = 0 orbitals.
To compare our single particle model with experiment,
we calculated the single-particle Hofstadter butterfly for VM
with different ΘM in the limit of VM/10 → 0 (the result
is qualitatively unchanged for small but finite VM/10). In
Fig. S10, we plot the calculated single particle gaps on a Wan-
nier plot for the three cases shown in Fig. , assuming the
N = |0〉 , |0〉 , |1〉 , |1〉 filling order described previously. In
the N = 0 orbital, ∆t = −1, 2 bands are prominent in the
data, and theoretically are predicted for ΘM = 0, pi/6 but not
pi/3. The inversion-odd case (pi/6, Fig. S10C) favors features
which are more particle-hole symmetric within a LL, and lead
to crossing features at low nΦ which are observed in the data
(Fig. 1C). Comparing with our data in this regime, we thus
conclude that ΘM is somewhere between 0 and pi/6.
By tuning ΘM = pi/8, we observe good agreement be-
tween the calculated Chern band structure and the observed
bands (Fig.S11). We used the calculated Hofstadter spec-
trum (Fig.S11A) to generate a Wannier plot (Fig.S11B) which
matches the filling order of orbitals observed in the data. The
color of the points encodes the size of the single particle gap
(∆/|VM |), and we only plot gaps above a threshold, in ef-
fect cutting off the fractal nature of the Hofstadter spectrum.
We color the bands of the energy spectrum and Wannier plot
based on their Chern numbers, using the rules outlined in the
main text.
In Fig.S11C we generate a qualitatively equivalent plot
from the data (from Fig. 1C) by plotting the height of peaks in
CP as a function of density (n0/c) and magnetic field (B). We
again color the Chern bands, now ignoring gapped trajectories
which we know to be outside of the single-particle picture.
In N = 0 orbitals, we observe ∆t = −1, 2 bands fill-
ing above nφ = 1/2 in both the calculation and experiment.
Additionally, the appearance of ∆t = −2, 3, 5 bands below
nφ = 1/2 in N = 1 bands is consistent. Some features,
e.g the differences in filling order of Chern bands in N = 1
orbitals above nφ = 1/2, cannot be reproduced without in-
voking mixing between spin species, which is not allowed in
the single particle model we present.
Details of C = −1 band hosting FCI states. The νC =
1/3, 2/3 FCI states discussed in the main text occur in a
C = −1 band of the n0 > 0, u < 0 region, which, as
discussed above, arises in a model of a moire´ potential with
0 < ΘM < pi/6 projected into a single |+0σ〉 level. In our
DMRG calculations (see next section) we choose ΘM = pi/8,
which reproduces most of the large single-particle gaps in the
n0 < 0, u > 0 side of the data as well.
In Fig. S12, we show the real-space charge density pro-
file and energy dispersion of this band at nφ = 23 , assuming
VM/10 = 1/6 and ΘM = pi/8. From the density profile, we
see that the C = −1 band is localized on a triangular lattice.
Case II: n0 > 0, u < 0.
In this regime, we expect 10 is smaller and, in the absence
of a moire´ potential, the levels would fill in order |+ ↑, 0〉,
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FIG. S9. Single particle Hofstadter butterfly. Single-particle Hofstadter spectrum calculated using the moire´ parameters (A) |VM |/10 =
1/2.0 and ΘM = pi/8 and (B) |VM |/10 = 6.0 and ΘM = pi/8.
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FIG. S10. Calculated Wannier plots for the n0 <0, u >0 case. Calculated gap sizes in units of the magnitude of the moire´ potential
(∆/VM ) as a function of ne and nΦ for ΘM = 0 (A), ΘM = pi/3 (B), and ΘM = pi/6 (C). The splitting between LLs 10 is chosen to be
larger than any Hofstadter gaps.
|+ ↑, 1〉, |+ ↓, 0〉, |+ ↓, 1〉. This is consistent with experi-
ment: the ν = 2 LL gap is robust, and the 0 < ν < 2 physics
looks very similar to the 2 < ν < 4 physics. Strikingly, we
see that the ν = 1, 3 LL gaps are destroyed near nφ = 1/2.
For nφ = 12 , 0 < ν < 2, the system has rearranged fromC = 1, 1 LLs into C = −1, 3 Chern-bands, which requires
VM comparable to 10.
The calculated Wannier plots with |VM |/10 = 6.0 shows
the dependence on the moire´ parameter ΘM , where the
strength of the moire´ now strongly mixes N = 0 and N = 1
orbitals of the same spin (Fig. S13).
At the single particle level, we can ask which values of
|VM |/10 and ΘM rearrange filling 0 < ν < 2 at nφ = 1/2
into C = −1, 3 bands. We find that ΘM = 0, pi/6 both repro-
duce this behavior, while ΘM = pi/3 does not. Weaker fea-
tures, such as the presence of C = 5 bands around nΦ = 2/5
favor a more antisymmetric form of the moire´ potential (e.g.
ΘM close to pi/6). The value pi/8 used in our DMRG numer-
ics satisfies these constraints.
As before, tuning ΘM , generates good agreement between
the calculated Chern band structure and the observed bands
(Fig.S14). We find that ΘM = 0.5, VM/10 = 6.0 gives
slightly better agreement for some weaker gaps above nφ =
1/2 than ΘM = pi/8 (which is used in the iDMRG calcu-
lations), but the ∆t = +3 band where we performed the
calculation is robust in both cases. We color both the cal-
culated and experimental Wannier plots (Fig.S14B-C) in the
same way as before. Here, we replicated the entire mixed Hof-
stadter spectrum to reproduce 2 < ν < 4 and a large ν = 2
gap is assumed. This matches the observed filling order of
|+ ↑, 0〉 , |+ ↑, 1〉 , |+ ↓, 0〉 , |+ ↓, 1〉. Focusing on 0 > ν > 2
in the experimental data, we find a very close match between
the observed Chern bands. Many features of the data are re-
produced, including the nφ onset of Hofstadter features in
N = 0 and N = 1 orbitals, disappearance of the ν = 1
gap at nφ = 1/2, presence of a ∆t = 5 band above nφ = 2/5
and the first and last filled ∆t = +2 bands above nφ =1/2.
Deviations between the theory and experiment are primarily
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FIG. S11. Comparison of calculated and observed single particle Chern bands. (A) Single-particle Hofstadter spectrum calculated using
the moire´ parameters VM/10 = 2.0 and ΘM = pi/8, chosen to match the n0 < 0, u > 0 case. ∆t = C bands are labeled from the following
Wannier plots using the procedure described in the main text (Fig. 1G). (B) Calculated Wannier plot constructed from (A). The points are
colored according to the size of the gap (∆/VM ), while the bands are colored according to Chern number. To match the experimental data,
the spectrum in (A) was separated by orbital and tiled with filling order N = 0, 0, 1, 1, and we set the filling factor to start at ν = −4. The
non-transparent bands match the spectrum calculated in (A). (C) Peak height of gapped states (black to gray points), extracted from data in
Fig. 1C, as a function of charge carrier density (n0/c) and magnetic filed (B). The bands are colored according to their single-particle ∆t,
using the same rules as (B).
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FIG. S13. Calculated Wannier plots for the n0 >0, u <0 case. Calculated gap sizes in units of the magnitude of the moire´ potential
(∆/VM ) as a function of ne and nΦ for ΘM = 0 (A), ΘM = pi/3 (B), and ΘM = pi/6 (C). |VM |/10 is fixed to 6.0 for all cases. The
spin-split gap at ν = 2, and the cyclotron gap at ν = 4, is chosen to be larger than any Hofstadter gaps.
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in smaller gap features. For example, the calculated spectrum
shows low field ∆t = +3,-5 bands, which are a single ∆t =
-2 band in the data. Small adjustments to the moire´ potential,
disorder, or indeed the same interactions which lead to FCI
and SBCI physics could all in principle change the sizes of
smaller gaps enough to generate these discrepancies.
INFINITE DMRG SIMULATIONS
Here we present infinite DMRG simulations of the model
just derived. Following our discussion, the simulations are not
simulations of a tight-binding lattice model, rather, we project
the interactions and lattice potential into the continuum LLs
of the ZLL. While a number of numerical works have consid-
ered fractional quantum Hall physics in the opposite Harper-
Hofstadter tight-binding limit, [49–60] less attention has been
payed to the weak-potential limit of the present experiment.
[61]
We will consider both an FCI and SBCI, in both cases
choosing a moire´ parameter ΘM = pi8 ∼ 0.4 which (at the
single particle level) is consistent with all the dominant inte-
ger CI features.
νC =
1
3
FCI in C = −1 band.
The C = −1 band detailed in Fig. 2 of the main text can be
accounted for if |VM |/10 is small, as discussed above. Since
the simulations are challenging in the presence of the moire´
potential, and VM/10 is small, we make a further approxima-
tion by discarding the |+1 ↑〉 level, projecting entirely into
|+0 ↑〉. Following our earlier discussion, we consider the
Hamiltonian
H =
1
2
∫
d2q ρ(−~q)VRPA(q)ρ(~q) +
∫
d2rVM (~r)ρ(~r)
(S8)
VM (~r) = VM
∑
m=0,1,2
eiGm·~r + h.c. (S9)
where ρ(q) is the density operator projected into a sin-
gle N = 0 LL. The Coulomb interaction is VC(q) =
EC
2pi
q tanh(qd/2) (where q is in units of `
−1
B ), due to screen-
ing from the graphite gates at a distance d ∼ 10`B from the
BLG. HereEC = e
2
`B
is the Coulomb scale. However, having
projected out the other LLs, to make more quantitative com-
parison with experiment we also include RPA screening from
the filled LLs below the ZLL, [62]
VRPA(q) =
VC(q)
1 + VC(q)Π(q)
,
Π(q) = a4 log(4) tanh(bq2`2B)/2piEC
(S10)
The screening weakens the short-distance part of the Coulomb
interaction. While not essential to the existence of the FCI -
we also find the FCI state without it - it does change the range
of |VM |/EC where the FCI is stabilized by around ∼ 20%,
since it effectively reduces the Coulomb scale. Following
comparison between DMRG numerics and experimental data
in an earlier work,[29] we take a = 0.2 EC~ωc , b = 0.62 where
~ωc is the cyclotron energy at the desired field. For the moire´,
we choose VM = e2pii/16|VM | (this choice of ΘM reproduces
the experimentally observed CIs in our measurements), while
|VM |/EC is a tunable parameter to be explored.
iDMRG proceeds by placing the above continuum quantum
Hall problem onto an infinitely long cylinder of circumfer-
enceL.[35] iDMRG requires an ordering of the single-particle
states into a 1D chain, which arises naturally on the cylinder
when the LL orbitals are taken in the Landau gauge. We em-
phasize again that the “sites” in our chain are not the minima
of the moire´ potential, but rather the orbitals of the continuum
LL. To accommodate the triangular moire´ lattice with Bravais
vectors ~a1,~a2, we form a cylinder by identifying ~r ∼ ~r+9~a1.
Working at nφ = 23 , this corresponds to a cylinder of circum-
ference L ≈ 19.8`B . νC = 13 filling of the C = −1 band
corresponds to ν = 16 of the N = 0 LL. iDMRG[63] us-
ing m = 3000 states was used to find the ground state for a
range |VM |/EC . The lattice reduces the continuous transla-
tion symmetry of the cylinder down to Z9, making the sim-
ulations more expensive; nevertheless, the DMRG truncation
error was less than 3 · 10−6 throughout the FCI phase.
For an intermediate range of 0.29 < |VM |/EC < 0.74, we
find a state with a short correlation length (ξ ∼ 3λ, where λ
is the period of the moire´ lattice) and t, s = − 13 , 13 (we ignore
electrons below the ZLL), which we thus identify as an FCI.
The entanglement spectrum of the FCI is shown in Fig. S15A,
and is consistent with a Laughlin type state but with negative
Hall conductance [64].
We measure (t, s) as follows. Since ν = t + s/nφ (tau-
tologically), it is sufficient to measure either s or t, and in
our simulations it is most convenient to measure s. We do so
by repeating iDMRG for a series of moire´ potentials which
are displaced by a distance ∆x along the cylinder, V (~r) =
VM (~r−∆x), obtaining a sequence of ground states |∆x〉. By
definition, s is the amount of charge per unit cell which should
be transported along with the lattice. The charge which passes
a cut around the cylinder is ∆Q = sL∆x/A, where A is the
volume of the unit cell. We can measure the amount of charge
transported ∆Q by using the entanglement spectrum to com-
pute the charge polarization of |∆x〉, as discussed for an anal-
ogous measurement of the Hall current in Ref. 65. To ensure
adiabaticity, ∆x was incremented in units of `B/24 using the
previous ground state to initialize the DMRG. The results give
a perfectly quantized value for s within the 10−6 precision of
the numerics.
For |VM |/EC < 0.29, the ground state is found to in-
crease the unit cell with a 3x3 reconstruction, forming a tri-
angular Wigner crystal shown in Fig. S15B. Effectively, all
the electrons in the ZLL are inert: t = 0, s = 19 . This is to
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FIG. S15. Entanglement spectrum of νC = 1/3 FCI and investigation of competing phase.s (A) Entanglement spectrum of the C =
−1, νC = 13 FCI. The low-lying counting disperses from right to left as 1, 1, 2, 3, (5), where it merges into the higher states. Note that in our
convention, the ν = 1
3
Laughlin state would have counting 1, 1, 2, 3, 5, · · · with the opposite chirality, left to right. This reversal is a signature
of the reversed Hall conductance in a C = −1 band. (B) Charge carrier density 〈n(r)〉 at νC = 13 filling of the C = −1 band in the regime
where |VM |/EC < 0.29 leads to a Wigner crystal. The dots indicate the moire´ unit cell, showing a 3x3 reconstruction. (C) Evidence for a
gapless phase at νC = 13 filling of the C = −1 band in the regime 0.79 < |VM |/EC . We measure the evolution of the bipartite entanglement
entropy S vs. DMRG correlation length ξ as the DMRG bond dimension increases. In a CFT, S = c
6
log(ξ) + s0. At the point |VM |/EC = 2
shown here, we obtain perfect agreement with c = 3. At higher |VM | (not shown) we find c = 6.
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be expected, since the Coulomb interaction alone stabilizes a
Wigner crystal at such low fillings (ν = 19 ). The location of
the transition can be diagnosed from 〈ρ(G0/3)〉, whereG0 is
a reciprocal vector of the moire´. To see the symmetry break-
ing, the numerics must be done with an enlarged unit cell and
lower degree of momentum conservation.
For 0.74 < |VM |/EC , there is a change in the correla-
tion length and entanglement properties as the system enters
a compressible phase through what appears to be a contin-
uous phase transition. This region is rather complex. When
|VM |/EC →∞, the system should be a non-interacting metal
due to the small but finite bandwidth of the Chern band. It
is very interesting question whether, in 2D, there is a direct
transition between the FCI and this metal, or whether an inter-
mediate state (such as a composite Fermi liquid or symmetry
broken phase) intervenes. However, this 2D physics is subtle
to address on the cylinder, where we suspect there is in fact a
sequence of several KT-transitions. To see this, we used “fi-
nite entanglement scaling” [66] to measure the central charge
c of the cylinder state. At |VM |/EC = 2, we find a very pre-
cise value of c = 3 (Fig. S15C), while at |VM |/EC = 6 we
find c = 6. Multiples of 3 are expected, because the mag-
netic algebra at nφ = 23 enforces a 3-fold degeneracy in the
Fermi surface. The 2D Fermi surface of the metal descends
to a several-component Luttinger liquid on the cylinder due
to the quantization of the momentum around the cylinder. As
|VM |/EC changes the Luttinger exponents, it naturally could
drive a sequence of KT-transitions at which some, but not all,
of the modes lock. In precisely the same regime that finite
entanglement scaling finds a finite central charge, we also ob-
serve a weak “stripe”-like order; translation is preserved along
a1, but a2 is broken. This can be diagnosed from 〈ρ(G′/2)〉
for an appropriate reciprocal vector. It is difficult to determine
whether this is a true property of the ground state, or is instead
a finite-entanglement artifact, 〈ρ(G′/2)〉 ∝ ξ−∆FES , where ξFES
is a correlation length introduced by the finite bond dimension
of our DMRG numerics. Regardless, it gives a very clear in-
dication of the onset of the gapless phase, so is the metric we
presented in the phase diagram of the main text.
For comparison with experiment, we note that EC =
48meV at B = 32T (nφ = 23 ) assuming a dielectric constant
of  = 6.6 for the surrounding BN. This gives the estimate
14 < |VM | < 38meV for an FCI, consistent with the expected
moire´ amplitude.
νC =
p
3
SBCI in C = 3 band.
The C = 3 band hosting the SBCI state detailed in the
main text emanates from ν, nφ = 2, 13 . As discussed, near
nφ =
1
2 the stability of this C = 3 band requires a small 10
which mixes the N = 0, 1 levels. However, we have verified
that near nφ = 13 , the C = 3 band remains stable even as
10 → ∞. In this limit, the N = 0 level is completely filled
and inert, and the potential VM is effectively projected into
an N = 1 level. While a quantitative study of the SBCI may
require keeping both N = 0, 1 levels and finite 10, this is nu-
merically challenging, so we take advantage of this finding to
take 10 → ∞ and project the problem into the N = 1 level.
The Hamiltonian is the same as in Eq. S10, but now ρ(q) is
the density operator projected into a N = 1 LL (in fact if we
incorrectly project into N = 0 level, we do not find an SBCI).
We take VM = |VM |e2pii/16 as before.
We again place the problem on the cylinder, but this time
we identify ~r ∼ ~r+12~a1. This was chosen to accommodate a
tripled unit cell with enlarged Bravais vector~a1+~a2. We work
at nφ = 38 , where νC =
1
3 ,
2
3 of the C = 3 band correspond to
filling ν = 1 + 79 and ν = 1 +
8
9 (the integer part of the filling
is now assumed to occupy an inert N = 0 LL). iDMRG was
performed while keeping 3000 states. We have not obtained
a full phase diagram for |VM |/EC , but found a range of val-
ues (e.g. |VM |/EC = 0.6 in the main text) which stabilize an
SBCI state and are consistent with the domain of the C = −1
FCI. The SBCI is diagnosed by a tripled unit cell (seen in
the real-space density) and the experimentally predicted t, s,
again measured by adiabatically dragging the lattice. We note
that working on an infinitely long cylinder greatly simplifies
the detection of the symmetry breaking. Because the symme-
try is discrete, it can be spontaneously broken in this geome-
try, unlike in finite-size simulation on a torus.
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ADDITIONAL EXPERIMENTAL DATA
TABLE S1. List of observed symmetry-broken Chern insulator
states (integer t, fractional s). States above 30 T can be observed
in Fig.S16. ’id’s refer to labels in Fig.S16 and Fig.S18
id t s B [T] (min,max) p0/c [V]
SB1 1 -1/3 (28,36) -16
SB2 0 1/3 (26,35) -16
SB3 0 2/3 (17,20) -16
SB4 1 1/3 (17,21) -16
SB5 3 -1/3 (17,20) -16
SB6 0 2/3 (30,31) -16
SB7 1 1/3 (30,45) -16
SB8 2 -1/3 (30,36) -16
SB9 2 2/3 (17,20) -16
SB10 3 1/3 (17,21) -16
SB11 5 -1/3 (17,19) -16
SB12 3 -1/3 (29,32) -16
SB13 2 1/3 (29,32) -16
SB14 5 -1/3 (29,31) (33,37) -16
SB15 4 1/3 (29,39) -16
SB16 5 1/3 (17,20) -16
SB17 4 2/3 (17,19) -16
SB18 0 1/4 (36,44) -16
SB19 2 1/4 (35,39) -16
SB20 1 -1/2 (25.8,35) (37, 42) -16
SB21 -1 1/2 (21.5,22.5) -16
SB22 1 1/2 (20.2,23.3) (25.5,45) -16
SB23 3 -1/2 (20.9,23.3) (25.5,36.0) -16
SB25 1 3/2 (27.4,32) -16
SB26 3 1/2 (17,23) (25.0,45.0) -16
SB27 5 -1/2 (26,32.5) -16
SB28 3 1/2 (19,23) -16
SB29 5 -1/2 (21.5,23) (25.5,32.5) -16
SB30 6 -1/2 (28.0,29.5) -16
SB31 7 -1/2 (20.5,22.8) -16
SB32 -1 1/3 (18,20) (29,36) 16
SB33 -2 2/3 (18,20) (29,32) 16
SB34 -2 1/3 (17,19) 16
SB35 -5 -1/3 (18,20) 16
SB36 -4 -2/3 (18,19) 16
SB37 0 -1/3 (32,35) 16
SB38 1 -1/2 (21,23) 16
SB39 -1 1/2 (25,32) 16
SB40 -3 3/2 (25,31) 16
SB41 -3 1/2 (25,32) 16
SB42 -4 1/2 (25,35) 16
SB43 -3 -1/2 (19,23) 16
SB44 -5 1/2 (25,32) 16
TABLE S2. List of observed fractional Chern insulator states
(fractional t, fractional s). * in the magnetic field indicates a lower
bound on the field at which states disappear, as these weak states
were not clearly observed in the higher field data, possibly due to
worse signal to noise and resolution. States above 30 T can be ob-
served in Fig.S16. ’id’s refer to labels in Fig.S16 and Fig.S18.
id t s B [T] (min,max) p0/c [V]
F1 2/3 -1/3 (28,32) -16
F2 4/3 1/3 (28,39) -16
F3 5/3 1/6 (29,31*) -16
F4 7/3 -1/6 (35,40) -16
F5 8/3 -1/3 (29,31*) (35,40) -16
F6 10/3 1/3 (28,39) -16
F7 11/3 1/6 (28,31*) -16
F8 8/3 -2/3 (35,40) -16
F9 4/3 2/3 (36,42) -16
F10 10/3 2/3 (36,42) -16
F11 -13/3 1/3 (25,36) 16
F12 -22/5 2/5 (27,32*) 16
F13 -23/5 3/5 (27,32*) 16
F14 -14/3 2/3 (26,38) 16
F15 -11/3 2/3 (28,32*) (35,39) 16
F16 -10/3 1/3 (28,32*) (35,39) 16
F17 -11/3 -1/3 (30,36) 16
F18 -10/3 -2/3 (30,38) 16
F19 -2/3 1/3 (29.5,31.5) 16
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FIG. S16. Data from a measurement run up to 45T. (A,B) Landau fans ofCS for p0/c = 16 V (A) and - 16 V (B). We performed a horizontal
line-by-line subtraction on (A). (C,D) Classification of gapped linear trajectories (A) and (B) respectively. Interaction-driven features are
labeled and their t, s are given in Tables S1 and S2. We observe two classes of linear trajectories which do not fall into the categories outlined
in the main text. The first are associated with Landau Levels in one of the graphite gates, which appear much more prominently in CS than in
CP and only depend on one of the applied gate voltages (hatched wide lines). These states are observed as diagonal features in the n0 − p0
plane, and appear as a secondary, broad Landau fan with an x-intercept that depends on p0/c. The second are features that either do not have
t and/or s which clearly match a small-denominator rational fraction, are short-lived in B, or do not have nearby features which allow us to
easily identify their origin (dashed lines). The FCI states described in the main text persist between 27 and nearly 40 T.
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FIG. S17. Symmetry broken Chern insulators in a C=4 band. (A) Detail from Fig.S16, highlighting a C = δt = 4 band at high magnetic
field. Broad, negative s. (B) Schematic of (A), SBCI states (dashed lines) with (t, s) = (0, 1/4) and (1,−1/2) occur at νc = 1/4 and 2/4
fractional filling of a ∆t = 4 band (dark orange). SBCI in ∆t = 2 and ∆t = ±3 are also observed. Broad, negative slope features not
represented in the schematic are due to graphite LLs.
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FIG. S18. Labeled gap trajectories for Fig. 1E-F. Annotated version of Fig. 1 with interaction driven states labeled according to Tables S1
and S2.
